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Nonlinear Models for Double-Wall Systems for Vibrations
and Noise Control

Yen Wei* and Rimas Vaicaitis†
Columbia University, New York, New York 10027

A theoretical model is developed for active control of vibrations and noise transmission of nonlinear
double-wall systems to random wideband inputs. A velocity feedback control mechanism is integrated
into governing nonlinear equations of motion using piezoelectric materials as sensors and actuators. The
nonlinear von Kármán thin plate theory is used to model vibrations of the face plates. A soft elastic core
of the double wall is used. The nonlinear panel response is obtained by utilizing modal analyses and
Monte Carlo simulation techniques. Transmitted noise inside a rectangular enclosure is obtained by
solving the linearized acoustic wave equation subject to time-dependent boundary conditions of the vi-
brating interior panel. Numerical results include vibration response time histories, spectral densities, rms
responses, and noise reduction. The feasibility of using piezoelectric velocity feedback actuators for active
control of nonlinear vibrations and noise transmission to random inputs is demonstrated.

Nomenclature
A, B = dimensions of piezoelectric actuator in x and

y directions, m
a, b, d = cavity dimensions in x, y, z directions, m
cT = viscous damping coef� cient of top plate,

N-s/m3

c0 = speed of sound, m/s
DT = 3 2E h /12(1 2 n ), top plateT T T

dij = piezoelectric strain charge constants, m/V
EPZT = modulus of elasticity of piezoelectric

material, N/m2

ET, EB = moduli of elasticity at top and bottom
plates, N/m2

E3 = electric � eld, V/m
FT = Airy stress function of top plate
hPZT = thickness of piezoelectric actuator, m
hS = thickness of the core, m
hT, hB = thickness of top and bottom plates, m
K = conversion gain factor, V-s/m
Lx, Ly = dimensions of double-wall plate in x and y

directions, m
mPZT = mass of the piezoelectric actuator, kg-s2/m3

mS = mass of the core, kg-s2/m3

mT, mB = mass of top and bottom plates, kg-s2/m3

PT(x, y, t) = random input pressure, N/m2

p(x, y, z, t) = acoustic pressure, N/m2

Sp(x, y, z, v) = spectral density of acoustic pressure,
(N/m2)2/rad/s

SP(v) = spectral density of input random pressure,
(N/m2)2/rad/s

u, v, w = displacements along x, y, z directions, m
V(t) = feedback voltage, V
wT, wB = normal displacements of top and bottom

plates in z direction, m
n = Poisson’s ratio
nT, nB, nPZT = Poisson’s ratios of top and bottom plates

and piezoelectric actuator
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jmn = structural modal damping coef� cients
ra = air density, kg-s2/m4

rS = material density of the core, kg-s2/m4

rT, rB = material density of top and bottom plates,
kg-s2/m4

Fijk = acoustic modal damping coef� cients
VT = location function of piezoelectric sensors/

actuators
v = frequency, rad/s
vijk = acoustic modal frequencies, rad/s
vmn = structural modal frequencies, rad/s

Introduction

S TRUCTURAL dynamic response and noise transmission
of surface protection systems are important factors in the

design and safety of modern high-speed � ight vehicles, oper-
ation and reliability of highly sensitive electronic equipment,
stealthiness characteristics, and aerodynamic ef� ciency. With
increasing use of lightweight materials, problems of fatigue,
degradation of strength, and high levels of transmitted and ra-
diated noise can be expected for severe aerodynamic, acoustic,
and thermal environments.1– 3 It has been demonstrated that
vibrations of surface panels are often nonlinear and response
statistics are no longer Gaussian.4– 9 Thus, it is necessary to
develop methods for the control of nonlinear vibrations and
noise transmission to random wideband inputs.

Advances in control theory, high-speed processors, and fast-
growing development of various kinds of smart materials have
made it possible to develop active control procedures for noise
and vibration reduction.10– 20 Materials that have been investi-
gated for the application of active control of vibrations and
noise include: optic � bers,21 piezoelectric polymers and
ceramics,11– 15 shape memory alloys,22,23 electrostriction,24 mag-
netostriction,25 electrorheological � uids,26 etc. At the present
time, piezoelectric polymers and ceramics have been recog-
nized as providing the most favorable mechanisms for practical
implementation. Among the widely used procedures for active
control are velocity feedback,11,13,14 mean square sound energy
minimization,15– 18 sound pressure feedback,18 and modal re-
arrangement.19,20 Most of these studies are limited to determin-
istic inputs and linear structural and acoustic systems. An an-
alytical study of active control of nonlinear response and noise
transmission into a rectangular enclosure of a double-wall
sandwich system is presented in this paper.

Following the von Kármán thin plate theory and electro-
mechanical equations of piezoelectricity,27,28 the governing
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Fig. 1 Active vibration and noise transmission control mecha-
nism of a double panel system.

Fig. 2 Bonding of PZT to top and bottom plates.

equations of motion with velocity feedback control of nonlin-
ear vibrations of a double-wall construction are developed.
Linear and nonlinear uniaxial spring – dashpot models are cho-
sen to characterize behavior of the soft core where bending
and shearing stresses are neglected. The boundary conditions
of the face plates are assumed to be simple supports on all
edges. The piezoelectric sensors/actuators are bonded sym-
metrically to both sides of each face plate. The input acting
on the external (top) face plate is taken to be uniformly dis-
tributed stationary and Gaussian random pressure. The time-
history realizations of input pressure are generated by the sim-
ulation procedures of stationary random processes.29 A modal
analysis is utilized to decompose the vibrations of the face
plates and the coupled system is solved by a Galerkin-like
procedure and numerical integration in time domain.30,31 In this
approach, it is assumed that the effect of external radiated and
cavity-transmitted acoustic pressure on structural response can
be neglected.

The transmitted noise inside a rectangular enclosure is ob-
tained by solving the acoustic wave equations subject to time-
dependent boundary conditions of the vibrating interior (bot-
tom) face plate. To obtain a fast and uniformly converging
solution for the interior acoustic pressure, the homogeneous
acoustic equation with nonhomogeneous boundary conditions
is transformed into a nonhomogeneous equation with homo-
geneous boundary conditions using Green’s theorem. The re-
quired vibration response spectral densities of the bottom plate
are obtained by taking a fast Fourier transform (FFT) of the
nonlinear response time histories.

This paper includes numerical results of nonlinear vibration
response time histories, rms responses, spectral densities, and
noise reduction for actively controlled and noncontrolled cases.
The interactions between the controlled variables and the effect
on vibration and noise transmission is investigated. These in-
clude size, location, and number of piezoelectric actuators and
arrangement of actuators on both face plates.

Problem Formulation and Solution of Nonlinear
Response of a Double-Wall System

The problem geometry and basic features of active control
mechanisms are shown in Fig. 1. The double-wall system is
composed of a soft core and two elastic face plates. The pie-
zoelectric sensors/actuators are symmetrically bonded to the
plates as shown in Fig. 2. The top and bottom plates are simply
supported on all four edges. Because of the similarity of the
coupled equations of the top and bottom plates, equations of
motion are � rst developed for the top plate. Following the von
Kármán nonlinear plate theory and assuming that each piezo-
electric actuator is a thin slab of ferroelastic material poled in
the z direction, the equations of motion in the form of stress
resultants are5,27,28

2 T 2 T2 T 2 2 2­ M ­ M­ M ­ w ­ w ­ wxy yx T T TT T T1 2 1 1 N 1 2N 1 Nx xy y2 2 2 2­x ­x­y ­y ­x ­x­y ­y

1 1
2 c wÇ 2 K (w , w ) 2 m ẅ 1 ẅT T S T B S T BS D3 6

1 1
2 2V m ẅ 2 r h ẅ 1 ẅT PZT T S PZT T BF S DG3 6

1 P (x, y, t) = m ẅ (1)T T T

where

l

T T T T T T[M , M , M ] = [T , T , T ]z dz (2)x y xy 1 2 6E
2 l

l

T T T T T T[N , N , N ] = [T , T , T ] dz (3)x y xy 1 2 6E
2l

TT d E1 31 3
TT = [c ]([u ] 1 z[k] 1 [u ]) 2 [c ] d E (4)2 PZT 0 N PZT 32 3F G F G
TT 06

The [cPZT] matrix is given in the Appendix. The limits of in-
tegration in Eqs. (2) and (3) are l = hT 1 VThPZT. The loca-
tion function VT(x, y) denotes the presence of a piezoelectric
actuator and is de� ned as VT(x, y) = 1, where the actua-
tor is bonded to the plate and VT(x, y) = 0, otherwise. The
KS[wT, wB] is the constitutive linear/nonlinear law operator of
the soft core, and PT(x, y, t) is the external random pressure
that could represent powerplant exhaust noise, turbulent
boundary-layer noise, impinging shock loading, and other ex-
ternal disturbances that might be acting on the surface thermal
protection systems. The inertia force of the soft core is as-
sumed to vary linearly where the terms mS/3 and mS/6 in Eq.
(1) are applied contributions of the mass of the soft core to
the two face plates. The linear strain, curvature, and nonlinear
contributions in Eq. (4) are

2­ w­u
2 2­x­x

2­v ­ w
2[u ] = , [k] =0 2­y ­y

21 ­u ­v ­ w
1 2S D2 ­y ­x ­x­y

(5)
2

1 ­wS D2 ­x
2

1 ­w
[u ] =N S D2 ­y

1 ­w ­w

2 ­x ­y
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The piezoelectric constants dij of a material poled in the z
direction are given in Ref. 32. The electric � eld E3 can be
related to applied voltage V, by V = E3hPZT.

Substituting Eqs. (2 – 5) into Eq. (1) and de� ning membrane
in-plane forces as

2 2 2­ F ­ F ­ FT T TT T TN = , N = , N = 2 (6)x y xy2 2­y ­x ­x­y

where FT is the Airy stress function, gives the electromechan-
ical equations of the top plate

2 2 2 2­ F ­ w ­ F ­ wT T T T4m ẅ 1 c wÇ 1 D = w 2 1 2T T T T T T 2 2­y ­x ­x­y ­x­y
2 2­ F ­ w 1 1T T

2 1 K [w , w ] 1 m ẅ 1 ẅS T B S T BS D2 2­x ­y 3 6

1 1
1 2V m ẅ 2 r h ẅ 1 ẅT PZT T S PZT T BF S DG3 6

2 2 2E ­ ­ ẅ ­ ẅPZT T T
1 D a V 1 nT T PZTH F S DG2 2 2E ­x ­x ­y

2 2 2­ ­ w ­ wT T
1 V n 1T PZTF S DG2 2 2­y ­x ­y

2 2­ ­ wT
1 2(1 2 n ) V = P (x, y, t)PZT T TF GJ­x­y ­x­y

1 22 [(h 1 h )E d V(t)= V ] (7)T PZT PZT 31 T
1 2 nPZT

here a = 6b 1 12b2 1 8b3 and b = hPZT/hT. In obtaining Eq.
(7), it was assumed that the piezoelectric material bonded to
the plate surface does not extend to the edges of the plate. The
compatibility equation in terms of the Airy stress function is5,27

22 2 2­ w ­ w ­ wT T T4= F = E h 2 (8)T T TFS D G2 2­x­y ­x ­y

Similar sets of equations can be developed for the bottom plate
of the double-wall construction by interchanging subscripts T
and B, adjusting loading conditions and apportioned mass of
the core corresponding to those of the bottom plate.

The boundary conditions corresponding to vertical de� ec-
tions wT and wB are those of simply supported plates. Exact
boundary conditions for the Airy stress function are very com-
plicated. In the present study, in-plane boundary conditions are
satis� ed on the average30

L L L Ly x y x
­u ­v

dx dy = 0, dx dy = 0 (9)E E E E­x ­y0 0 0 0

L Ly x
1 1

N dy = 0, N dx = 0 (10)xy yxF E GU F E GUL Ly x0 x=0,L 0 y=0,Lx y

The subscripts T and B in the preceding and next equations
are dropped for brevity. The in-plane displacements u and v
are related to the stress function F as

22 2­u 1 ­ F ­ F 1 ­w
= 2 n 2 (11)S D S D2 2­x Eh ­y ­x 2 ­x

22 2­v 1 ­ F ­ F 1 ­w
= 2 n 2 (12)S D S D2 2­y Eh ­x ­y 2 ­y

The � rst two conditions given in Eq. (9) imply no in-plane
stretching of the plane midsurface, while the last two specify
vanishing in-plane shear at the plate boundaries.

The complexity of the nonlinear Eqs. (7) and (8) prompts
us to � nd an approximate solution. The vertical de� ections of
the top and bottom plates are expressed in the form of func-
tions Xmn(x, y), which satisfy all the boundary conditions for
normal de� ections30,31

N N

Tw (x, y, t) = A (t)X (x, y) (13)T mn mnOO
m=1 n=1

N N

Bw (x, y, t) = A (t)X (x, y) (14)B mn mnOO
m=1 n=1

where and are the generalized coordinates of the topT BA Amn mn

and bottom plates, and Xmn = sin(mpx/Lx)sin(npy/Ly) for sim-
ply supported edges. The details on the validity and limitations
of the approximate solutions expressed in the form of Eqs.
(13) and (14) can be found in Refs. 30 and 31.

Substituting the series solution of Eq. (13) into the right-
hand side of Eq. (8) results in a linear equation with respect
to the stress function FT(x, y, t). The general solution for FT

will contain arbitrary functions, by means of which the bound-
ary conditions for FT can be satis� ed.30,31 The solution for the
stress function is expressed in approximate form

P hF = F 1 F (15)T T T

where is a particular solution of Eq. (8), and denotes aP hF FT T

homogeneous solution of which the parameters are chosen in
such a way that the conditions for FT(x, y, t) are satis� ed on
the average.30 These solutions are of similar form as given in
Refs. 5, 6, and 8. Following the same procedure, solutions for
the Airy stress function for the bottom plate FB can be devel-
oped.

Before the complete solutions to Eq. (1) can be developed,
the constitutive operator KS[wT, wB] for the soft core needs to
be selected. In the present study, it is assumed that the core
can be modeled by a combination of linear/nonlinear elastic
springs and dampers:

2 3K [w , w ] = k (w 2 w ) 1 k (w 2 w ) 1 k (w 2 w )S T B 1 T B 2 T B 3 T B

2 31 c (wÇ 2 wÇ ) 1 c (wÇ 2 wÇ ) 1 c (wÇ 2 wÇ ) (16)1 T B 2 T B 3 T B

where k1, k2, and k3 are elastic spring constants, and c1, c2, and
c3 are damping coef� cients. Furthermore, the number and lo-
cation of the piezoelectric actuators need to be speci� ed. Nu-
merical results were obtained for one, � ve, and nine actuators
that were bonded to each of the top and bottom plates. Con-
sider the case where only one piezoelectric actuator with di-
mensions A 3 B 3 hPZT is placed in the middle on both sides
of the bottom and top plates. Using the solution for the Airy
stress function FT and Eq. (13), Eq. (7) is satis� ed in a Gal-
erkin sense. The resulting system of the nonlinear coupled dif-
ferential equations for the top plate are

2 2 2
mp npT T T¨ Çm A 1 c A 1 1 D AT mn T mn T mnFS D S D GL Lx y

2
4 2 2E h p m k lT T T T 21 A (A ) 1 nmn kl TFS D O S D2 2 28(1 2 n ) L L LT x x ykl

2
2 2n k lT 21 (A ) n 1kl TS D O S DG2 2L L Ly x ykl

4

p msT T T T¨1 E h A A A Z 1 AT T ij kl rs mnijklrs mnS D O2L 3y ijklrs

mS B T B T B T¨1 A 1 k (A 2 A ) 1 k (A 2 A )(Amn 1 mn mn 2 ij ij klO6 ijkl
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k3B T B T B T2 A )ā(m, i, k)ā(n, j, l ) 1 (A 2 A )(A 2 A )(Akl ij ij kl kl rsO16 ijklrs

B T B TÇ Ç Ç2 A )ḡ(m, i, k, r)ḡ(n, j, l, s) 1 c (A 2 A ) 1 c (Ars 1 mn mn 2 ijO
ijkl

c3B T B T B TÇ Ç Ç Ç Ç Ç2 A )(A 2 A )ā(m, i, k)ā(n, j, l ) 1 (A 2 A )(Aij kl kl ij ij klO16 ijklrs

B T BÇ Ç Ç2 A )(A 2 A )ḡ(m, i, k, r)ḡ(n, j, l, s)kl rs rs

2 22 ­ X ­ X4D a E ­ X ij ijT PZT mn
1 V , 1 nT PZTOK F S DG2 2 2L L E ­x ­x ­yx y T ij

2 22 ­ X ­ X­ X ij ijmn
1 n 1PZTF S DG2 2 2­y ­x ­y

2 2­ X ­ Xij ij T1 2(1 2 n ) APZT ijF S DGL­x­y ­x­y
2

16 mT= Q 1 (h 1 h )E d Vmn T PZT PZT 31 FS DL L (1 2 n ) Lx y PZT x

2
n mp mAp np nBp

1 sin sin sin sin (17)S D GL 2 2L 2 2Ly x y

where the generalized random forces areTQ mn

L Lx y

P (x, y, t)X (x, y) dx dyT mnE E
0 0

TQ (t) = (18)mn L Lx y

2X (x, y) dx dymnE E
0 0

The operator ^VT, f & denotes the integration

L Ly x

^V , f & = V f dx dy (19)T TE E
0 0

and Zmnijklrs, , and are given in the Appendix. A similarā ḡ
equation to that given in Eq. (17) can be developed for the
bottom plate. For the cases of � ve and nine piezoelectric ac-
tuators bonded to the face plates, the control forces are given
in Ref. 33.

The system of nonlinear coupled differential equations of
the top [Eq. (17)] and bottom plates can now be solved by
standard numerical integration routines that are available for
solution of differential equations. Then, from the response time
histories, rms values, probability density histograms, peak dis-
tributions, crossing rates, and spectral densities can be esti-
mated. The spectral densities are calculated utilizing the FFT
algorithm.

The generalized random forces in Eq. (18) can be obtained
by either simulating as a multivariate random process,29TQ mn

or � rst simulating pressure PT(x, y, t) and then evaluating the
integrals in Eq. (18) numerically. In the present study, the ran-
dom pressure is assumed to be stationary, Gaussian, and uni-
formly distributed over the top plate surface. Then, the gen-
eralized random forces can be obtained from

16TQ (t) = P (t) m, n oddmn T2mnp (20)

= 0 otherwise

where PT(t) can be simulated as29

M2 1

1/2P (t ) = Re [2S (v )Dv] exp[2i(v t 1 § )] (21)R k P S S k SHO J
s=0

where Re indicates the real part, SP(vS) is the pressure input
spectral density, vS are the frequencies at which values of spec-
tral density are selected, §S are the random phase angles uni-
formly distributed between 0 and 2p, tj = jDt are discrete time
points at which the random pressure is simulated with j = 0,
1, . . . , M 2 1, and time increment

Dt = 2p/DvM (22)

The frequency bandwidth Dv can be selected from

Dv = (v 2 v )/N (23)u l

in which vu and v l denote the upper and lower cutoff fre-
quencies of spectral density SP(v), respectively, and N is the
number of spectral density divisions. The FFT algorithm can
be applied directly to Eq. (20), where M = 2m is the number
of simulated points.

A simple and very convenient form of spectral density
SP(v) is the band-limited Gaussian white noise. Then, SP can
be expressed in terms of sound pressure levels (SPL) in units
of decibels (dB) as

2p0 SPL/10S (v) = 10 v # v # vP l u
Dv (24)

= 0 otherwise

where p0 is the reference pressure (p0 = 2.0 3 102 5 N/m2).

Noise Transmission
Consider noise transmission through a double-wall sandwich

construction into a rectangular enclosure that occupies a vol-
ume Ve = abd (Fig. 1). Except for the double-wall panel, the
remaining walls are assumed to be right. The perturbation pres-
sure inside the enclosure can be determined from the linear
acoustic wave equation

12= p 2 m pÇ = p̈ (25)2c0

where =2 = ­2/­x2 1 ­2/­y2 1 ­2/­z2, m is the acoustic damping,
and the boundary conditions that express continuity of normal
velocity between � uid and the walls are

­p
= 0 on rigid boundary (26)

­n

­p
= 2r ẅ on flexible boundary (27)a B

­n

where n denotes the outward normal to the wall surface, and
wB is the displacement of the bottom plate in the z direction.

Equations (25 – 27) form a set of homogeneous equations
with nonhomogeneous time-dependent boundary conditions.
The homogeneous equation with nonhomogeneous boundary
conditions can be transformed into a nonhomogenous equation
with homogeneous boundary conditions by setting34,35

p(x, y, z, t) = q(x, y, z, t) 1 r ẅ G(z) (28)a B

where the function G(z) is chosen to satisfy the given boundary
conditions, and q is the solution of the associated boundary
value problem. The function G(z) can be chosen as

2G (z) = z 2 (z /2b ) (29)

The solution for q has been developed in Ref. 34, using acous-
tic modes of a hard-wall cavity. Then, taking the Fourier trans-
formation of Eqs. (25 – 28) and using the random process the-
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Fig. 3 Displacement response time history of bottom plate a)
without and b) with active control (SPL = 80 dB).

ory,36 the spectral density SP(x, y, z, v) of the interior acoustic
pressure can be determined. This spectral density is a function
of structural vibration response of the double-wall system. By
reducing structural vibrations, noise transmission into the en-
closure can be reduced. However, for linear cases where acous-
tic modes dominate transmitted noise, the velocity feedback
approach might not provide the required noise attenua-
tion.11,13,14,28 For the nonlinear vibrations considered in this
study, the coupling mechanism between structural vibrations
and interior acoustic pressure is different, because all of the
structural modes are coupled and it is not possible to identify
distinct structural modes that are strongly coupled to speci� c
acoustic modes.

Numerical Results
The material and geometric parameters selected in this study

correspond to a typical double-wall construction that could
represent a local component of the thermal surface protection
system of � ight structures. Because of a requirement of sig-
ni� cant computation time for simulation and the integration of
nonlinear equations of motion, numerical results are aimed
mainly at illustrating the feasibility of using a PZT-based ve-
locity feedback mechanism for the control of nonlinear vibra-
tions and noise transmission. Furthermore, results are pre-
sented for aluminum face plates of the double-wall
construction. Other materials, including � ber-reinforced com-
posites, could easily be accommodated in the present ap-
proach.8

Numerical results are presented for the following parameters
of the double-wall panel and acoustic enclosure: a = 0.6096
m, b = 0.9144 m, d = 0.9144 m, Lx = 0.2032 m, Ly = 0.3048
m, ET = EB = 6.89 3 1010 N/m2, rT = rB = 273.52 kg-s2/m4,
nT = nB = 0.3, hT = hB = 0.001016 m, hS = 0.0254 m, rS = 12.4
kg-s2/m4, c0 = 344 m/s, k1 = 5.4289 3 105 N/m3, k2 = k3 = 0,
c1 = c2 = c3 = 0. Numerical results were also obtained for k1

= 5.4289 3 106 N/m3, k2 = 0, k3 = 4.2074 3 1010 N/m5. The
geometric and material properties of piezoelectric sensors/ac-
tuators are A = 0.0127 m, B = 0.0635 m, hPZT = 2.5 3 102 4

m, EPZT = 6.89 3 1010 N/m2, n PZT = 0.3, rPZT = 273.52 kg-s2/
m4, d31 = d32 = 2 3 10210 m/V.

The modal structural and modal acoustic damping were
taken as

j = j (v /v ) (30)mn 11 11 mn

2F = mc /2v = j (v /v ) (31)ijk 0 ijk 0 1 ijk

in which j11, j0 are selected damping coef� cients, v1 is the
lowest acoustic modal frequency inside the enclosure, and vijk

are hard-wall acoustic modal frequencies of the rectangular
enclosure shown in Fig. 1. The results represented here are for
j11 = 0.02, j0 = 0.05. In this approach, the effects of radiation
damping and absorption at the walls in the interior of the cav-
ity are represented by equivalent modal damping Fijk. Noise
reduction (NR) for the double-wall panel system is de� ned as

S (v)P
NR(x, y, z, v) = 10 log (32)10

S (x, y, z, v)P

where SP(v) is the spectral density of the uniformly distributed
input random pressure acting on the top plate.

The random pressure PT(t) was simulated using v1 = 0, vu

= 2p 3 500 rad/s, N = 512, M = 4096, and several different
values of SPL.

The velocity feedback control with piezoelectric actuators is
to set the output voltage of the actuators proportional to the
modal velocities. In the present study, the dominant plate
modes for the frequency range of 0 – 500 Hz are (1, 1), (1, 2),

and (1, 3). Then, for a single actuator placed in the middle of
the plate, the applied voltage in Eq. (17) can be set as

T TÇ ÇV (t) = 2K(A 2 A ) (33)11 13

To avoid the depoling effect and possible nonlinear behavior
of the electromechanical relations, the factor K should not ex-
ceed a value for which the piezoelectric actuator would not
function properly for the applied voltage.28

Structural Response
The controlled and noncontrolled response time histories of

the bottom plate are presented in Figs. 3 and 4. These de� ec-
tions correspond to the middle of the plate. For SPL = 80 dB,
the response is linear, whereas for SPL = 120 dB, it is nonlin-
ear. For the selected geometry of the double-wall panel, non-
linear effects start to in� uence structural response for input
SPL exceeding 100 dB. As can be seen from these results,
active velocity feedback control could be very effective in re-
ducing linear and nonlinear vibrations. For nonlinear cases,
active control not only reduces vibration amplitudes but also
has an effect on shifting dominant vibration frequencies to
lower values. The rms response vs the rms input pressure is
given in Fig. 5 for several arrangements of piezoelectric ac-
tuators and voltage gains, K = 0 and 393.7 V-s/m. Signi� cant
reduction in vibrations of both top and bottom plates can be
achieved with a single actuator placed at the middle of either
the top or bottom plate. A larger number of actuators further
reduces vibration response. However, the incremental gains of
nonlinear response reduction tend to decrease as more PZT
actuators are added to the double-wall panel.
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Fig. 4 Displacement response time history of bottom plate a)
without and b) with active control (SPL = 120 dB).

Fig. 5 Root-mean-square response of top plate for different ar-
rangement of PZT actuators.

Fig. 6 Displacement response spectral density for input SPL =
80 dB.

Fig. 7 Displacement response spectral density for input SPL =
120 dB.

The response spectral densities for linear and nonlinear vi-
brations are presented in Figs. 6 and 7 for the case of a single
sensor/actuator. For linear vibrations, the distinct peaks asso-
ciated with � exural and dilational modes are clearly evident in
Fig. 6. However, for the nonlinear case, the spectral densities
tend to exhibit a broadband character with dominant peaks
shifted to higher frequency values. Furthermore, active vibra-
tion control reduces panel response and the effect of nonlin-
earity on structural vibrations. Thus, dominant vibration peaks
tend to shift back to lower frequency values. The linear vibra-
tions by the time-domain approach given in Fig. 6 were veri-
� ed by a closed-form solution using the spectral density
method.

The nonlinear terms from stretching of the plate tend to
reduce the effectiveness of the velocity feedback control. This
is because when the maximum amplitude of nonlinear vibra-
tions reaches a level where both surfaces of each plate are in
tension, a pair of PZT actuators inducing a local bending mo-
ment are less effective than for a case of linear response where
one side of the plate is in tension and the other side is in
compression. In addition, for nonlinear vibrations, the modes
could become strongly coupled and the velocity feedback con-
trol mechanism that was optimized for a set of dominant
modes of linear response might not achieve the required ob-
jective.

Numerical results were also obtained for different linear and
nonlinear stiffness values of the elastic soft core. For a stiff
core with k1 = 5.4289 3 106 N/m3 and k2 = k3 = 0, the response
of top and bottom plates is almost the same, whereas for a
softer core with k1 = 5.4289 3 105 N/m3, nonlinear vibrations
of the bottom plate are about 50% lower than those of the top
plate. A similar trend was observed when the core stiffness
was modeled by nonlinear springs. For k3 = 4.2074 3 1010 N/
m5, vibrations of both plates are almost the same. However,
for k3 values below 1.6830 3 1010 N/m5, nonlinear vibrations
of the bottom plate are about one half in magnitude to those
of the top plate when the input sound pressure reaches 120
dB. Thus, the design of the active vibration control system for
double-wall sandwich panels requires not only properties of
the core material but also information on the linear/nonlinear
behavior of the core material for different sound pressure input
levels.
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Fig. 10 Noise reduction for input SPL = 120 dB.

Fig. 9 Noise reduction for input SPL = 100 dB.

Fig. 8 Noise reduction for input SPL = 80 dB.

Noise Transmission
Noise reduction of a double-wall system computed x =

0.3048 m, y = 0.4573 m, and z = 0.6096 m is presented in
Figs. 8 – 10. Note that for a linear analysis, noise reduction is
identical for different sound pressure input levels. However,
for nonlinear vibrations, noise reduction is a function of SPL
that is acting on the top plate. The results presented in Figs.
8 – 10 clearly indicate that noise transmission that is dominated
by structural responses can be signi� cantly reduced by active
velocity feedback control. However, active velocity feedback
control is not effective in reducing transmitted noise at the
frequencies of acoustic resonances. When the acoustic and
structural resonances coincide (Fig. 10), velocity feedback
control may provide a substantial noise attenuation at these
resonances.

The numerical results presented in this paper and in Ref. 33
indicate that a large number of parameters could in� uence ac-
tive control of nonlinear vibrations and noise transmission. Be-
cause of the nonlinear plate terms and/or nonlinear behavior
of the soft core, it is dif� cult to develop speci� c parametric
guidelines on the design of a PZT-based velocity feedback
active control system. In addition to the options of size, num-
ber, and location of PZT actuators, selections for the active
control of top, bottom, or both plates need to be evaluated.
The coupled frequencies of nonlinear vibrations of a double-
wall system are functions of random input pressure level. Thus,
it is not meaningful to develop scaling factors that involve
ratios of structural/acoustic frequencies and structural – acous-
tic modal coupling. However, from the results presented in this
study and in Ref. 33, some basic trends in the active control
of nonlinear vibrations and noise transmission can be estab-
lished.

The PZT actuators installed on the top and bottom plates
are the most effective arrangement to reduce vibrations and
noise transmission. If only one plate is used for active control,
piezoelectric actuators installed on the top plate provide better
results than those installed on the bottom plate. This is because
the reduction of nonlinear response of the plate, which is being
forced by random pressure, tends to reduce the effect of non-
linear vibration coupling to the other plate. A larger number
of actuators and/or larger actuating areas indicate a better per-
formance for vibration and noise transmission reduction. A
controller with a large voltage gain factor K seems to be very
effective in reducing nonlinear vibrations over the entire fre-
quency range considered in this study. However, it should be
noted that a controller with a large gain factor might be dif-
� cult to implement.12– 14,24,25 Because the limit of applied volt-
age is an important factor for the implementation of piezo-
electric actuators, proper selection of size and number of
actuators not only improves the ef� ciency of active control but
also provides an alternative to control nonlinear vibrations for
the same applied voltage.

Concluding Remarks
This paper presents an analytical model on active control of

nonlinear vibrations and noise transmission of double-wall
panel systems to wideband random inputs. From the results
obtained, the following concluding remarks are made. The ve-
locity feedback control could provide a signi� cant reduction
of linear and nonlinear vibrations for both top and bottom
plates; higher values of conversion/gain factor, larger size, and
larger number of piezoelectric actuators indicate positive gains
for vibration control; stiffness nonlinearity of the soft core
could have an effect on structural vibrations and noise trans-
mission; substantial noise attenuation can be achieved by ac-
tive velocity feedback control when the transmitted noise is
dominated by structural resonances; velocity feedback control
might not be effective where acoustic resonances dominate
interior noise; even though the mechanism of nonlinear vibra-
tions is different from that of linear cases, active vibration
control technology developed for linear structures could be
accommodated to control nonlinear vibrations and noise trans-
mission.

Appendix: Piezoelectric Constants
and Nonlinear Coef� cients

The matrix [cPZT] is

1 n 0PZTEPZT
[c ] = n 1 (A1)0PZT PZT21 2 nPZT 0 0 (1 2 n )F GPZT

2
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The terms , , and Zmnijklrs used in Eq. (17) areā ḡ

ā(m, i, k) = a(m 2 i, k) 2 a(m 1 i, k) (A2)

where

a(k, l) = 0

if (k 1 l) even and (l 2 k) even

1 1
a(k, l) = 1

(k 1 l)p (l 2 k)p

if (k 1 l) odd and (l 2 k) odd

1
a(k, l) = (A3)

(k 1 l)p

if (k 1 l) odd and (l 2 k) even

1
a(k, l) =

(l 2 k)p

if (k 1 l) even and (l 2 k) odd

ḡ (m, i, k, r) = g (m 2 i, k 2 r) 2 g (m 1 i, k 2 r)

2 g (m 2 i, k 1 r) 1 g (m 1 i, k 1 r) (A4)

where

g (m, n) = 2 if m = n = 0

g (m, n) = 1 if m = un u ¹ 0 (A5)

g (m, n) = 0 otherwise

Z = ks(lr 2 ks)[F (k 1 r, l 1 s)mnijklrs mnijklrs

¯1 F (k 2 r, l 2 s)] 1 ks(lr 1 ks)[F (k 2 r, l 1 s)mnijklrs mnijklrs

1 F (k 1 r, l 1 s)] (A6)mnijklrs

where

F (G, H ) = {2GHij[b(m 1 i, G )mnijklrs

1 b(m 2 i, G )][b(n 1 j, H ) 1 b(n 2 j, H )]
2 2 2 22 (H k 1 G l )[g (m 1 i, G ) 2 g (m 2 i, G )][g (n 1 j, H )

2 2 2 22 g (n 2 j, H )]}/[G 1 H (L /L ) ] (A7)y x

F̄ (G, H ) = 0 if G = H = 0mnijklrs
(A8)

F̄ (G, H ) = F (G, H ) otherwisemnijklrs mnijklrs

with

b(p, q) = 1 if p = q ¹ 0

b(p, q) = 21 if p = 2q ¹ 0 (A9)

b(p, q) = 0 otherwise
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